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Abstract
We study theoretically the effect of spin relaxation on the spin transport in a ferromag-
net/superconductor(FM/SC) tunnel junction. When spin-polarized electrons are injected into the
SC from the FM, nonequilibrium spin accumulation as well as spin current are created in the range
of the spin diffusion length in the SC. We find that the spin diffusion length in the superconducting
state is the same as that in the normal state. We examine a FM/SC/SC double tunnel junction,
and show that the spin current is detected by the Joule heat generated at the Josephson junction.
This provides a method to obtain the spin diffusion length by probing the spin current in SC’s.
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Spin transport through magnetic nanostructures has attracted much interest. Using the
method of tunneling spectroscopy, Tedrow and Meservey [1] demonstrated that the current
through the junction between a ferromagnet (FM) and a superconductor (SC) is spin po-
larized. Johnson and Silsbee [2, 3] and Jedema et al. [4] have observed nonequilibrium
spin accumulation in a nonmagnetic metal sandwiched by FM’s. Suppression of the su-
perconducting gap due to spin accumulation has been shown experimentally [5, 6, 7] and
theoretically [9].
SC’s are powerful probe for the spin polarization of the current injected from FM’s as
shown in FM/SC tunnel junctions [1] and FM/SC point contacts [8]. SC’s are also useful for
exploring how the injected spin-polarized quasiparticles (QP’s) are transported, particularly
the effect of spin relaxation on the spin transport, because the spin-relaxation time and
the spin diffusion length can be measured precisely in the superconducting state where
thermal noise effects are extremely small. In addition, the unambiguous description of the
spin-relaxation effect is possible due to the fact that the spin relaxation is dominated by
spin-orbit impurity scattering in SC’s.
So far, there have been a number of studies on the spin relaxation time and the spin
diffusion length in SC’s. However, the results are controversial: In a spin coupled resistance
in permalloy/Nb/permalloy trilayers [3], it was shown that the spin diffusion length of Nb
decreases with decreasing temperature in the superconducting state. In contrast, the spin
relaxation time in SC’s was measured by the method of electron spin resonance (ESR) and
was found to increase with decreasing temperature in SC’s [10, 11]. It was also shown that
the spin diffusion length in SC’s increases with decreasing temperature [12] by assuming
that the length is proportional to the square root of the spin relaxation time. Since the
spin diffusion length and the spin relaxation time are key quantities for the spin transport
in SC’s, it is highly desired to construct a theory of the spin transport and relaxation and
to solve the controversial issue mentioned above.
In this paper, we study the spin transport through a FM/SC tunnel junction. The
spin accumulation and spin current in SC are calculated based on the Boltzmann transport
theory. It is shown that the spin diffusion length in the superconducting state is equal to
that in the normal state. We examine a FM/SC1/SC2 double tunnel junction, and show
that the spin current is detected by the Joule heat generated at the Josephson junction [13],
which provides information about the spin diffusion length and the spin relaxation time in
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SC’s.
We first consider a FM/SC tunnel junction. The bias voltage VT is applied to the tunnel
junction of resistance RT. The tunnel barrier is at x = 0 and the current flows in the x
direction. The tunnel current is calculated by using the phenomenological tunnel Hamilto-
nian which describes the transfer of electrons from one electrode to the other. If the SC is
in the superconducting state, we rewrite the electron operators akσ in the SC in terms of
the QP operators γkσ by using the Bogoliubov transformations, ak↑ = ukγk↑+ v
∗
k
Sˆγ†−k↓ and
a†−k↓ = −vkSˆ†γk↑+u∗kγ†−k↓, where |uk|2 = 1−|vk|2 = 12 (1 + ξk/Ek), Sˆ is the operator which
annihilates a Cooper pair [14], and Ek = [ξ
2
k
+ ∆2]1/2 is the QP dispersion with ξk and ∆
being the one-electron energy relative to the chemical potential of the condensate and the
superconducting gap, respectively.
From Fermi’s golden rule, the spin-dependent tunnel currents across the FM/SC junction
are given by [9]
IT↑(VT) = (GT↑/e) [N − S(0)] , (1a)
IT↓(VT) = (GT↓/e) [N + S(0)] , (1b)
where GTσ is the tunnel conductance for electrons with spin σ when the SC is in the normal
state, and e the electronic charge. The quantity N is the ordinary tunneling term driven
by VT: N (VT) =
∫∞
−∞
DS(E)
[
f0(E − eVT)− f0(E)
]
dE, where DS(E) = Re
[|E|/√E2 −∆2]
is the normalized BCS density of states and f0(E) the Fermi distribution function. The
quantity S(x) is the normalized spin density at position x in the SC;
S = 1/(2DN)
∑
k
[
fk↑ − fk↓
]
, (2)
where fkσ = 〈γ†kσγkσ〉 is the distribution function for a QP with energy Ek and spin σ, and
DN the density of states in the normal state. In Eq. (1), we neglected the contribution of
charge imbalance by assuming that the charge diffusion length λQ is much smaller than the
spin diffusion length λs. It has been reported that λs ∼ 450 µm (Ref. 2) and λQ ∼ 10 µm
(Ref. 15) for Al. The charge current ITcharge = IT↑+IT↓ and the spin current I
T
spin = IT↑−IT↓
through the junction are given by
ITcharge = [N − PS(0)] /(eRT), (3a)
ITspin = [PN − S(0)] /(eRT), (3b)
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where 1/RT = GT↑ + GT↓ and P = (GT↑ − GT↓)/(GT↑ + GT↓) is the tunneling spin polar-
ization.
Let us examine the effect of spin relaxation on the spin accumulation and the spin current
in SC. In a steady state, the Boltzmann equation is written as
vk · ∇rfkσ + k˙ · ∇kfkσ = (∂fkσ/∂t)scatt , (4)
where vk = ~
−1∇kEk = (ξk/Ek)vF is the group velocity of QP’s and vF the Fermi velocity.
In the superconducting state, there is no electric field inside SC and thus k˙ = 0. The
scattering term on the right side of Eq. (4) arose from scattering of QP’s by nonmagnetic
impurities, and is decomposed into the terms due to elastic scattering and spin-flip scattering
[16]
(∂fkσ/∂t)scatt = −
fkσ − f0σ
τimp
− f0σ − f0−σ
2τsf
, (5)
where f0σ is the distribution function defined by the average of fkσ with respect to the
direction of k, τimp = (Ek/|ξk|) τ (n)imp [16], and τsf = (Ek/|ξk|) τ (n)sf are the elastic and the
spin-flip scattering times in the superconducting state, respectively, and τ
(n)
imp and τ
(n)
sf are
those in the normal state.
In the FM/SC junction, the physical quantities vary in the x direction and are uniform
in the yz plane, where ∇yfkσ = ∇zfkσ = 0. From Eqs. (4) and (5), we have
fkσ ∼ f0σ − τimpvxk∇xf0σ. (6)
The spin-dependent current density iσ flowing in the x direction is calculated as
iσ = e
∑
k
vx
k
fkσ = −2eDND(n)
∫ ∞
∆
∇xf0σdE, (7)
where D(n) = 1
3
v2Fτ
(n)
imp is the diffusion constant in the normal state.
The spin accumulation at position x in the SC is created by shifting the chemical potential
of up-spin QP’s by δµ(x) and that of down-spin ones by −δµ(x), which is described by taking
f0σ(E, x) = f0(E − σδµ(x)). When δµ is much smaller than ∆, f0σ is expanded as
f0σ(E, x) ∼ f0(E)− σ [∂f0(E)/∂E] δµ(x). (8)
From Eqs. (7) and (8), the charge current density vanishes: icharge = i↑ + i↓ = 0, while the
spin current density ispin(x) = i↑ − i↓ is driven by the gradient of δµ(x),
ispin(x) = −4eDND(n)f0(∆)∇xδµ(x), (9)
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The divergence of ispin(x) is given from Eqs. (4)-(8) by
∇xispin(x) = −
[
4eDN/τ (n)sf
]
f0(∆)δµ(x). (10)
Thus, the chemical potential shift satisfies the equation
λ2s∇2xδµ(x) = δµ(x), (11)
where λs is the spin diffusion length in the SC
λs =
√
D(n)τ
(n)
sf . (12)
In the FM/SC junction, Eq. (11) has a solution of the form δµ(x) = δµ(0) exp(−x/λs), and
therefore both the spin accumulation and spin current decay exponentially on the length
scale of λs. Note that the spin diffusion length in the superconducting state is the same as that
in the normal state. This result is understood as follows: In the superconducting state, the
diffusion constant is D = 1
3
v2
k
τimp = (|ξk|/Ek)D(n) and the spin-flip time τsf = (Ek/|ξk|) τ (n)sf ,
so that the density of state factor Ek/|ξk| in λs =
√
Dτsf is canceled out, resulting in Eq. (12).
The spin injection experiment has been done to extract the spin diffusion length λs in
Nb by using bipolar spin transistors [3]. From the measurement of an excess voltage Vs
(∝ δµ) due to spin accumulation, a strong dependence of Vs on temperature (T ) was found
below the superconducting critical temperature Tc. From an analysis of Vs using the relation
Vs = Vs0exp(−x/λ˜s), λ˜s ∝ (1 − T/Tc)−n (n ∼ 1/2) was deduced [3]. However, since λs is
independent of T as given in Eq. (12), λ˜s in Ref. 3 is not the spin diffusion length, but
rather the penetration length of the QP evanescent wave into SC due to Andreev reflection
(AR) [17]. This is because AR is dominant when SC is in metallic contact with FM’s as in
the experiment of Ref. 3. To measure λs, it is desirable to insert a thin insulating barrier
between FM and SC for making the QP spin injection predominant.
Another important quantity for the spin transport is the spin relaxation time τs of S in
the superconducting state, which is measured by the ESR experiment. If τs is introduced
by the relaxation time approximation (∂S/∂t)scatt = −S/τs, we find
τs =
∫ ∞
∆
|E|√
E2 −∆2 [f0↑ − f0↓]dE∫ ∞
∆
[f0↑ − f0↓]dE
τ
(n)
sf . (13)
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For δµ ≪ ∆, Eq. (13) reduces to the result of earlier theories [18]. Figure 1 shows the
temperature dependence of τs. In the normal state (∆ = 0) above Tc, τs is equal to τ
(n)
sf .
In the superconducting state below Tc, τs increases rapidly with decreasing T and behaves
similar to τs ≃ (pi∆/2kBT )1/2τ (n)sf at low T . It is worthwhile to note that one cannot use
τs in place of τ
(n)
sf in Eq. (12) when evaluating λs, because τs is the relaxation time of
the macroscopic quantity S while τ (n)sf is the transport relaxation time of an individual QP
with particular energy, which makes them different in the superconducting state. In the
normal state, however, τs is equal to τ
(n)
sf and thus can be used for estimating λs. Note that
δµ(0) ≈ (τs/τ (n)sf )δµ(n)(0) for eVT ≪ ∆, where δµ(n)(0) is the shift of chemical potential in
the normal state.
The above discussions are summarized as follows; (1) The strong T dependence of Vs
(Ref. 3) is not related to λs but to the decay length of the evanescent wave in Andreev
reflection. (2) The ESR experiments [10, 11] are consistent with our theory. (3) The the-
oretical treatment of λs in Ref. 12 is not correct because they used the incorrect formula
λs =
√
D(n)τs which differs from Eq. (12).
In order to investigate the spin diffusion length and the spin current in SC’s, we consider
a FM/SC1/SC2 double tunnel junction. The SC1 and SC2 are identical SC’s, and their
thicknesses are d and semi-infinite, respectively. The resistance of the FM/SC1 tunnel
junction and that of the SC1/SC2 Josephson junction (JJ) are RT and RJ, and the voltage
drops across the junctions are VT and VJ, respectively. The tunnel current through the JJ
is expressed as
I = IJcharge(VJ) + IJ1(VJ) sinϕ+ IJ2(VJ) cosϕ, (14)
where ϕ is the phase difference of the gap parameters in SC1 and SC2. In Eq. (14), the
first term describes the QP tunneling, and the second and third terms describe the phase
coherent (Cooper pair) tunneling. The usual Josephson effect is associated with the sinϕ
term. Using Fermi’s golden rule, we have the spin-dependent QP tunnel current
Iσqp(VJ) =
1
2eRJ
∫ ∞
−∞
dEDS(E)DS(E + eVJ) [f0(E − σδµ1)− f0(E + eVJ − σδµ2)] , (15)
where δµi(x) is the shift of the chemical potential in the ith SC. The QP charge current
IJcharge = I
↑
qp(VJ) + I
↓
qp(VJ) and spin current I
J
spin = I
↑
qp(VJ)− I↓qp(VJ) across the JJ are given
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by
IJcharge =
1
2eRJ
∫ ∞
−∞
dEDS(E)DS(E + eVJ)
∑
σ=±
[f0(E − σδµ1)− f0(E + eVJ − σδµ2)] , (16)
IJspin =
1
2eRJ
∫ ∞
−∞
dEDS(E)DS(E + eVJ)
[
f0(E − δµ1)− f0(E + δµ1)
−f0(E + eVJ − δµ2) + f0(E + eVJ + δµ2)
]
. (17)
The phase coherent tunneling terms are obtained as
IJ1 =
∆2
2eRJ
∫ ∞
−∞
dE
θ(|E| −∆)√
E2 −∆2
θ(∆− |E + eVJ|)√
∆2 − (E + eVJ)2
×
∑
j=1,2
[1− f0(|E| − δµj)− f0(|E|+ δµj)] , (18)
IJ2 = − ∆
2
2eRJ
∫ ∞
−∞
dE
DS(E)DS(E + eVJ)
E(E + eVJ)
∑
σ=±
[f0(E + eVJ − σδµ2)− f0(E − σδµ1)] , (19)
where θ(x) is the step function. Equations (16)-(19) are the generalized formulas for the
conventional JJ [19]. From Eq. (11), δµi has the forms δµ1(x) = B1e
x/λs + B2e
−x/λs in
SC1 and δµ2(x) = B3e
−x/λs in SC2, where B1, B2, and B3 are determined by the boundary
conditions that the spin currents are continuous at each junction. The results are used to
calculate the currents through the FM/SC1/SC2 junction.
In the following we assume that the bias voltage across the JJ is zero (VJ = 0). It follows
from Eqs. (16)-(19) that IJcharge and IJ2 vanish, whereas I
J
spin ∝ [δµ1(d)−δµ2(d)] and IJ1 ∼ Jc,
Jc being the Josephson critical current. These results indicate that the charge current is
carried by the Cooper pairs as the dc Josephson current when the bias current is less than
Jc, while the spin current is carried by the QP’s as the QP current.
Figure 2 shows the spatial dependence of δµi (−δµi) for the up- (down-) spin QP’s in
the ith SC as well as the pair and QP tunnel currents across the JJ at VJ = 0. The up-spin
tunnel current across the JJ is driven by the drop [δµ1(d)− δµ2(d)] in the forward direction,
while the down-spin one is driven by the same drop in the backward direction. In the SC’s,
the up-spin and down-spin QP’s, which are drifted by the slope of the chemical potentials,
flow in opposite directions to each other, so that the QP’s carry only the spin and do not
carry the charge. This is one of the realizations of spin-charge separation[20].
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The most striking feature of the junction is that the spin current across the JJ is accom-
panied by Joule heating at zero bias voltage (VJ = 0). The power of Joule heating is given
by W = [δµ1(d)− δµ2(d)] IJspin/e, and has the d dependence of the form
W = P 2α exp(−2d/λs)/ [1− β exp(−2d/λs)]2, (20)
where
α =
4η21[N (VT)/Γ0]2Γ2
e2RJ(1 + χ1)2(1 + 2χ2)2
, β =
(1− χ1)
(1 + χ1)(1 + 2χ2)
.
Here, χn = (Γn/Γ0)ηn (n = 1, 2), Γ0 = 2f0(∆), and
Γn =
∫ ∞
−∞
[DS(E)]n
(
−∂f0
∂E
)
dE, (21)
with η1 = (ρNλs/RTA), η2 = (ρNλs/RJA), the normal-state resistivity ρN of SC, and the
junction area A [21].
Figure 3 shows the Joule heat W as a function of the thickness d of SC1 in the case
where FM is a half metal (P = 1). An efficient generation of W occurs for large values of
ηi, which corresponds to a low area tunnel resistance and/or long λs. It is seen that the
curves show an exponential decay for d/λs & 1; W ∝ exp(−2d/λs). At d/λs = 0.5 and for
ηi = 0.01, RJA = 10−6 Ω cm2, and ∆0 = 0.39 meV (Al), we obtain W/A = 0.4 mW/cm2 per
unit area of the JJ, which is large enough to observe experimentally. If W is measured for
various thickness of SC1 at VJ = 0, it provides not only the spin diffusion length λs but also
a direct evidence for the spin current flowing in SC’s. Note that our method differs from the
previous one [2]; the former probes the spin current and the latter the spin accumulation.
In conclusion, we have studied the effect of spin relaxation on the spin transport in
superconductors based on the Boltzmann equation, and shown that the spin diffusion length
in the superconducting state is equal to that in the normal state. This result resolves the
controversial issue of the spin diffusion length in the superconducting state. We propose
a spin-injection device with the Josephson junction to extract information about the spin
diffusion length and the spin current by measuring Joule heat generated at the Josephson
junction.
This work was supported by a Grant-in-Aid from MEXT of Japan. S.M. acknowledges
the support of the Humboldt Foundation.
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FIG. 1: Temperature dependence of the spin relaxation time. The gap ∆0 is the value of ∆ at
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FIG. 2: Spatial variation of the splitting in the chemical potentials of SC1 and SC2 in a
FM/SC1/SC2 tunnel junction. The dashed curves with up and down spins indicate the shifts,
δµi(x) and −δµi(x), of the up-spin and down-spin quasiparticles (QP’s) in the ith SC, respectively,
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